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Abstract 

We construct, for the first time, Abelian-Higgs vortices on certain compact surfaces 
of constant negative curvature. Such surfaces are represented by a tessellation of the 
hyperbolic plane by regular polygons. The Higgs field is given implicitly in terms 
of Schwarz triangle functions and analytic solutions are available for certain highly 
symmetric configurations. 


1 Introduction 

Consider the Abelian-Higgs field theory on a background surface M with metric ds'^ = 
Q(x, y) {dx^+dy'^). At critical coupling the static energy functional satisfies a Bogomolny 
bound 

^ =IJ {^ + i (1 - d^dy > ttN, (1) 

where the topological invariant N (the ‘vortex number’) is the number of zeros of 
counted with multiplicity [T]. In the notation of [2] we have taken = r = 1. Equality 
in 0 is attained when the fields satisfy the Bogomolny vortex equations, which are 
obtained by completing the square in Q . In complex coordinates z = x -\-iy these are 

= 0, B = n{l- |$|b. (2) 

This set of equations has smooth vortex solutions. As we explain in sectionanalytical 
results are most readily obtained when M is hyperbolic, having constant negative cur¬ 
vature K = —1, a case which is of interest in its own right due to the relation between 
hyperbolic vortices and SO(3)-invariant instantons, [3]. 

The aim of this paper is to construct solutions to the vortex equations on compact 
surfaces M whose universal cover has a hyperbolic metric. In section]^ we will see how 
such surfaces can be obtained as quotients of the hyperbolic plane. The problem of 
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finding one vortex on M is then equivalent to finding a regular lattice of vortices in 
the hyperbolic plane, which may be of interest as a hyperbolic version of the Abrikosov 
vortex lattice observed experimentally in superconductors [1]. 

Our approach involves the construction of the Higgs field from a holomorphic 
function f(z) satisfying certain periodicity conditions. The bulk of this paper (section 
1^ is concerned with constructing this map for an especially symmetric genus 2 surface, 
the Bolza surface. Section extends the construction to certain higher genus surfaces 
and we wrap up in section with some ideas for future work. 


2 Hyperbolic vortices 

The Bogomolny equations Q for Abelian-Higgs vortices at critical coupling on a curved 
surface can be combined to give the Taubes equation 

N 

V2log|$|2 + 2H(l - |$|2) = 47r^,5(2)(z-.2i). (3) 

i=l 

The right hand side provides sources for the vortices, where the Higgs field vanishes. 
The Higgs field can be written as with h and y real functions of z and The 

phase X depends on the gauge choice and increases by 27r around a unit charge vortex. 
Expressed in terms of these functions, the components of the 1-form gauge potential and 
magnetic flux density are 

og = a* = -idz{lh + ix), B = -2iF^2 = -2i (4) 

where = 4:dzdz is the naive Euclidean Laplacian. 


It was first observed by Witten, [3], that on a background of constant negative Gaussian 
curvature 

1 


K{z,z) = -^VUog(!i) = -1, 

the Taubes equation becomes the Liouville equation and can be solved exactly. We work 
with the Poincare disk model of the hyperbolic plane, with metric 


ds^ = 


(1-|Z|2)2 


dzdz. 


( 6 ) 


Geodesics for this metric are circular arcs which intersect the boundary of the unit disk 
at right angles, and the geodesic distance between two points is 


d{z 2 -iZi) = cosh ^ ( 1 + 


2\z 2 — Zl\ 


( 7 ) 


(1 - | 2 ; i | 2)(1 - \ Z 2 \^) 

The general solution to the Taubes equation Q constructed by Witten is a Higgs field 

l-\z\^ df 


<^iz,z) = 


1 - |/(z)|2 dz' 


( 8 ) 
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so is a ratio of two hyperbolic metrics of equal curvature [2], 


( I )|2 


miz)) di 

0(z) dz 


( 9 ) 


The function w = f(z) is holomorphic with |/| < 1 on the interior of the disk and 
I/I = 1 on the boundary \z\ = 1, so f : z ^ w is a map from the Poincare disk to 
itself. The map has ramification points at the vortex positions, where, for a vortex of 
unit multiplicity, has a simple zero and f{z) behaves locally quadratically. Solving 
the Taubes equation on hyperbolic space thus boils down to finding a holomorphic map 
/ : —>■ with ramification points of order one greater than the multiplicity of at 
each vortex position. The Schwarz-Pick lemma guarantees that |<h| < 1 on the interior 
of the disk, with |<1>| = 1 everywhere on the boundary (where the Higgs field takes its 
vacuum value). 

Let us consider the case where the domain of / is a compact surface (M, H) of area 
Am and genus g. Then the target surface (M, Q) has a finite area which is obtained by 
pulling back the area form on M by /. Integrating the Taubes equation ^ over M and 
using the topological invariant f B dxdy = 2 ttN gives 


Aj^ = I dAj^ = / 1^1“^ Q dxdy = / Qdxdy — 27rN = Am — 2ttN, (10) 

Jm Jm Jm 

where N is the number of zeros of <h counted with multiplicity. Positivity of implies 
the Bradlow bound on the number of vortices on a compact surface: 


2ttN < Am = 47r(5r - 1), 


( 11 ) 


where the relation between the area and genus of the surface M follows from the Gauss- 
Bonnet theorem f(—K)dA = 4:Tr(g — 1). The vacuum solution with = 0 has ‘h = 1 
everywhere, while at the Bradlow limit ^> = 0. The interpretation is that each vortex 
takes up an effective area 27r0 

It is important to check that there is no contribution from the cross term arising when 
completing the square in Q. This term is a total derivative and vanishes identically on 
a compact surface. 

Multivaluedness of / means that the area of each sheet of M is in fact the value of 
Ajf^ given in (10) divided by one plus the number of vortices on the interior of M. This 
is in essence the Riemann-Hurwitz theorem and will be important in sections and 
where M is considered as a tessellation of . 


^The Bradlow bound (111 can be modified to allow for an arbitary number of vortices on the surface. 
By changing the potential term in 0 to P(t — |<f>p)^/2, the Bradlow inequality becomes 2'wN < tAm- 
However, this has the effect of changing the curvature of the target space to = —r, and the Taubes 
equation is no longer integrable. 
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Example I: a finite number of vortices 

For a finite number of vortices, N, on the function f{z) is a Blaschke product [3| 

N+l 

= n ^ 

X (LjZ 
j=i j 

In general the relation between the complex numbers aj and the vortex positions (at 
the critical points of /) is not obvious. Constructing a vortex solution from the vortex 
positions can only be done analytically for symmetric configurations, such as a cyclic 
ring of vortices. The parameters needed for an arbitrary prescribed vortex arrangement 
must be found numerically. 


Example II: a singly periodic array 

A vortex solution on the hyperbolic cylinder H^/Z was presented in [^. The solution 
was constructed via a map / from a half annulus in the upper half plane to a Euclidean 
rectangle, giving rise to a doubly periodic function. In Poincare disk coordinates, / is 
given by a ratio of Jacobi elliptic functions. 


cd(^^tan - 1 

cd^^ tan“^(2;);+1 


(13) 


Vortices (i.e. zeros of f'{z)) are located at z = itanh(nA/4) with A = vrK'/K and n G Z, 
where K(A;) is the complete elliptic integral of the first kind with elliptic modulus k, and 
K\k) = K(Vl — fc^). Notice that there is a double zero of f{z) at every other zero of 
‘h. This suggests that / can be expressed as an infinite Blaschke product 

oo X 2 2 \ ^ 

f{z) = z'^ Jzy ^ 


Equality between (13) and (14) is easily checked at z = itanh(nA/4) by known inhnite 
products. The Blaschke condition 


^(1 - \aj\) < oo 

i=i 


(15) 


holds for A > 0 (the sum can be evaluated as a g-hypergeometric function), thereby 
ensuring convergence of the product (14). 

Using the closed form expression (13), the Higgs field ([^ near the vortex at the origin 
and at the midpoint between vortices is 

8K2 




origin 


TT^ 


{l-k^)\z\ + . 


2K 

l^lmidpoint = - (1 - k). (16) 

TT 
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Periodicity of |<^| follows from the fact that a period shift in z is equivalent to a fractional 
linear transformation of /: 


/ ^ ^-itanh(A/4) , ^ (1 + fc)/(z) - (1 - fc) 

iztanh(A/4) + l ^ (1 - fc)/(z) - (1 + fe) ’ 

a symmetry which will be discussed in more detail in section |4.1[ 


(17) 


3 Hyperbolic tessellations 

The hyperbolic plane has infinitely many tessellations by regular polygons whose edges 
are geodesic arcs. Such tessellations are denoted by their Schlafli symbol {p,q}, where 
p is the number of sides of the fundamental polygon and q the number of such polygons 
meeting at each vertex. These polygons tile the hyperbolic plane if q{p — 2) > 2p and, 
in contrast to the case of tessellations of the Euclidean plane, have a hxed area 

2" 7) ’ 

where in our conventions K = —1. 

We follow [ 6 ] in defining the Euler characteristic of any regular tessellation to be 

As discussed below, a given tessellation describes a smooth compact surface of genus g 
if X is a negative even integer, x = 2 — 2g. The surface is obtained by identifying pairs 
of edges of the fundamental polygon. 


The uniformization theorem guarantees that a compact surface M of genus g > 2 pos¬ 
sesses a global hyperbolic metric. The universal covering space of such a surface is the 
hyperbolic plane, with a tessellation whose fundamental domain is obtained as the quo¬ 
tient BI^/77, where H = 7 ri(M) is the hrst homotopy group of the surface. The usual 
application of the Gauss-Bonnet theorem tells us that the area of a compact genus g 
surface with curvature K = —1 is A = —2'kx = 47 r(g' — 1). Note from (18) that a 
tessellation with {p, q} = {ig, Ag} has the correct area for a surface of genus g. 

For given g, there is a 3{g — l)-complex-dimensional family of surfaces parametrised 
by the lengths of 8(5 — 1 ) non-intersecting closed geodesics on the fundamental polygon, 
together with ‘twist’ data describing the gluing of the edges. These parameters are known 
as the Fenchel-Nielsen coordinates on Teichmiiller space, [7j. For ease of computation 
we specialise to the most symmetric surfaces, corresponding to tessellations by regular 
polygons. As an example, a smooth genus 2 surface can be constructed from any of the 
tessellations 

{ 8 , 8 }, {10,5}, {12,4}, {18,3}. 


Of the tessellations above, our focus will be mainly on the highly symmetric tessellation 
by regular octagons in the { 8 , 8 } configuration with opposite edges identified. Such a 
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tessellation is obtained as the quotient of the unit disk by the freely acting subgroup 
C r of the full automorphism group F of the tessellation. H is a, Fuchsian group 
generated by eight hyperbolic Mobius transformations M^. This is a discrete subgroup 
of PSL(2,C) with the fixed-point-free condition (trMfc)^ > 4. Note that F also contains 
elliptic elements with fixed points in the interior of the disk; these elements are excluded 
from the quotient in order to obtain a smooth surface. If we orient the tessellation such 
that there are octagon centres at the origin and along the coordinate axes, then the eight 
Mobius transformations Mk{z) with k = 0,... ,7 take the form 

z -I- / 

Mk[z) = ^ ^ with L = V2^/2-2 p. 0.910, (20) 

where L is the Euclidean distance from the origin to one of the neighbouring octagon 
centres and we have the relation ■ This identification of the tessellation 

amounts to defining the fundamental octagon, O, by 


O = {x G I d{x, 0) < d{x, Mfc(O)), k = 0,... ,7}, 


( 21 ) 


where the hyperbolic distance function was defined in ([^. Note that hyperbolic tessel¬ 
lations do not, in general, correspond to compact surfaces, but a fundamental polygon 


defined by (19). 


can still be defined as in (21), and the tessellation has a fractional Euler characteristic 


The fundamental polygon of the regular {8,8} tessellation with opposite edges iden¬ 
tified is the most symmetric genus 2 surface, known as the Bolza surface. It has an 
automorphism group of order 48 (96 if one includes reflections) and can be thought of as 
a double cover of with ramification points at the six vertices of an inscribed regular 
octahedron. On the hyperbolic octagon, the ramification points correspond to points of 
Cs symmetry. There are also 16 points with C 3 symmetry and 24 with C 2 symmetry, as 
can be seen by dividing the octagon into 96 triangles with angles (f, f, f )■ Most of this 
symmetry is broken when a vortex is placed on the surface. However, when the vortex is 
placed at the origin, the Cs symmetry about both the origin and the vertex is preserved, 
which will be key to our analytical construction. The fundamental domain for the {8, 8} 
tessellation, together with the positions of the symmetric points, is sketched in figure 
As a hyperelliptic curve, the genus 2 Bolza surface can be expressed as 


7 /^ = x(x^ -|- 1). 


( 22 ) 


We will return to the representation of the Bolza surface as a hyperelliptic curve in the 
context of compact surfaces of higher genus in section 
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Figure 1: The Bolza surface can be represented as a double cover of the Rie- 
mann sphere branched at the vertices of an inscribed regular octahedron (left), 
or equivalently as an {8,8} tessellation of the hyperbolic plane (right) where 
opposite edges of the fundamental octagon are identified. There is a Cs sym¬ 
metry at each of the branch points, which are indicated by dots. The shaded 
equilateral triangle with angles 7r/2 on the sphere is covered by the two shaded 
equilateral triangles with angles 7r/4 on the Bolza surface (one for each branch). 
The north and south poles of the sphere correspond to the centre and vertex of 
the octagon, and hence to antipodal points on the Bolza surface. 


4 A vortex on the Bolza surface 

4.1 Identifying the holomorphic map 

The aim of this section is to compute the Higgs field of a vortex placed at the centre of 
the period octagon. As described in section we proceed by looking for a holomorphic 
function / : —>■ ramified at the centre of every octagonal cell in the tessellation. 
Restricted to the fundamental octagon, the map w = f{z) is conformal except at the 
vortex position, where angles are doubled. The image is precisely a square in the {4, 8} 
tessellation, and the map / is two-to-one, providing a double cover of the square with 
double winding around the centre. Pairs of identified opposite edges of the octagon map 
to the same edge of the square. It should be noted that opposite edges of the square 
are not identified, as the {4, 8} tessellation does not correspond to a compact surface. A 
Mobius transformation ( |20[ ) mapping one vortex to the next corresponds to a rotation 
about one of the four edge centres of the fundamental square, 

MMi.)) = /(A4(.)) = (23) 

which we deduce by considering the effect of / on the vertices of the octagon. 

The fact that / transforms by a Mobius transformation shows that it is not, as 
might have been expected, an automorphic form. Instead, if z and f{z) both transform 


7 









by fractional linear transformations 


Z !->• 


bz + I 


cz + b 

with | 6 p — |cp = 1 = |/3p — I 7 P, then ^ 


/(.) ^ 

'yf[z) + l3 


(24) 


df 


dz ^ 


^ transforms as 
cz + b ' ^ 


df 


\lf{z)+ld) dz' 


(25) 


For the specific case in question, with the fractional linear transformations (20) and (23), 
we have 


dl 

dz 


I—>■ (2\/2 + 4) 


Le-ik^l^z + 1 \ 

Le-^k^/‘^f{z) - V 2 ) dz' 


(26) 


The factor multiplying ^ can be thought of as a gauge transformation of the vortex 
fields, which does not affect |<1>|. De spite this complicated transformation property of 
/ and we will see in section 4.2 that automorphic forms do in fact appear in our 


computation of the vortex fields. 

The area of the image square follows from the Riemann-Hurwitz theorem. Denote by 
A and A! the areas of the fundamental polygons in the domain and image tessellations. 


which are related to the Euler characteristic of the tessellation via (19). The map / has 


a single ramification point of order 2 , so ^4' = ^{A — 2 tt) in agreement with (18), which 
gives ^{ 8 , 8 } = ^^cl A'^^ g| = TT. More generally, if N vortices are placed in the interior 
of a domain polygon representing a compact genus g surface, then the map / has N 
ramification points and is of degree + 1. By the Riemann-Hurwitz theorem, the area 
of the image polygon is given by 


1 27r 

A' = - (A - 2ttN) = -(2c/ - 2 - N). 

N + 1 ^ ^ iV + 1 ^ ^ ^ 


(27) 


The requirement that > 0 implies that the number of vortices permitted on a genus 
g surface is constrained by 

N < 2g-2, (28) 

the Bradlow bound ( |11[ ) again. The map we have described between the octagon and 
the square can hence be generalised to more vortices on a higher genus surface (see also 
sections 4.3 and[^. 


Non-existence of Blaschke product 

Before proceeding any further, we should investigate whether the map / can be expressed 
as an infinite Blaschke product with zeros of / occurring at the same density as vortices. 


mimicking the way this was done for the one-dimensional vortex array (13 14). For / 


of the form (12) with N —>■ 00 , this will be the case if the Blaschke condition (15) holds. 


Consider a circle \z\ = r in the Poincare disk with 0 <C r < 1 . As each octagon in 
the tessellation has area 47 r, the interior of the circle will contain N(r) = A(r)/ 47 r = 
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r^/(l — r^) vortices. Then the number of vortices in an annulus of thickness dr is 


dN = 2rdr/{l — r^)^. Using this measure, the sum (15) can be converted to an integral 


if we assume that the {|aj|} have the density of the tessellation: 


OO 


r^l-e 


^(1 - l«il) ~ / (!-»") 

i=i 


2r 


(l-r2)2 


dr. 


(29) 


The right hand side diverges logarithmically, hence there is no convergent Blaschke 
product with the symmetries of the octagonal tessellation. For the hyperbolic cylinder 
discussed in section the number of vortices as a function of distance from the origin is 
N{r) (X tanh“^ r, so dN oc dr/{I — r^) and the corresponding integral converges. 


4.2 Mapping between polygons 


The map / between the polygonal tessellations of the Poincare disk described in section 


4.1 is easy to implement because the position of the vortex is consistent with a regular 


tiling of the fundamental polygon by congruent triangles with a shared vertex at the 
vortex position. This procedure avoids mapping directly between the octagon and the 
square, which would introduce a large number of additional accessory parameters which 
would then need to be determined. We thus divide the fundamental octagon into 16 
triangles, each of which maps, via an auxiliary half plane, to an eighth of the image 
square. The fundamental domains Oa (with Poincare disk coordinate z) and 5 a (with 
coordinate w) are shown in figure By Schwarz reflection, the hyperbolic plane is 
covered by repeated reflection of the triangle Oa in its edges. 

The existence of the maps in figure is guaranteed by the Riemann mapping the¬ 
orem. In the following paragraphs we sketch how the Riemann map is constructed for 
curvilinear polygons before specialising to the case of triangles, where one can obtain 
explicit results. Then in section [T^ we will focus on the specihc triangles in figure 


The Riemann map 

The Riemann mapping theorem states the existence of a unique conformal map between 
the upper half plane and the interior of a simply connected domain of C. Specialising to 
the case of an n-sided polygon bounded by circular arcs, the map is bijective and extends 
to a map from the boundary of the upper half plane to the boundary of the polygon. 
It is conformal everywhere except at the n points Q on the real axis which map to the 
vertices of the polygon. The requirement that the image of the map should extend to the 
entire Poincare disk by a series of reflections leads to an SL(2, M)-invariant differential 
equation satisfied by the function s representing the map. This third order non-linear 
ordinary differential equation is solved by a ratio of linearly independent solutions to 
a second order linear ordinary differential equation with n regular singular points at 
C = Ci) where the exponents depend on the angle at each corresponding vertex of the 
polygon. The interested reader is referred to [8] for details. From now on we specialise 
to the case of triangles, in which case the Riemann map is known as the Schwarz triangle 
map. 
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Figure 2: Sketch showing the action of the map / on a triangle Oa within the 
fundamental octagon O, via an auxiliary upper half plane. The image square 
and triangle are denoted S and Sa- In our conventions, C = 0 rnaps to the 
vertex of the shaded triangles at the origin of the tessellations, while C = 1 nnd 
^ = oo map to the other two vertices, respectively the edge midpoint and vertex 
of the polygons. The real axis of the upper half plane maps to the boundary of 
the triangle. The angles of the black triangles are (ttoi, 7r/3i, vryi) = (f, f j f) 
and (vra 2 , 7 r/? 2 ,'/r 72 ) = (|, |). The Higgs field at a vertex of the octagon is 

easier to compute if we instead use the dashed triangles, which has the effect of 
swapping (3 and 7 . 
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The Schwarz triangle map 


In order to make use of the Riemann mapping theorem we introduce an auxiliary upper 
half plane with complex coordinate Then there are two Schwarz triangle maps, si : 
C —>• z and S 2 ■ C ^ w, mapping the upper half plane to each of the triangles in 
figure The map / between the triangles Oa and 5 a is given by the composition 
w = f(z) = S 2 {si^{z)). Note that when the images are extended to the entirety of the 
Poincare disk (by reflections both in the triangle edges and from the auxiliary upper 
half plane to the lower half plane), the functions si(C) and S 2 (C) are multivalued. On 
the other hand, the inverse maps s||~^(z) and are automorphic forms invariant 

under the elements of the automorphism group of the octagon, and are dense in both 
zeros and poles as the boundary of the disk is approached. In general there is no closed 
form expression for so we use a parametric approach: picking an arbitrary point 

on the C plane will tell us the value of f{z) at z = si{C)- As we shall see, there are some 
particular points on Oa at which we can expand f{z) as a series, allowing to be 
computed analytically using Q. 

By convention, we take the points Ci = 0, 1,00 on the upper half plane to map to 
the vertices of a triangle with angles vra, 7 r/ 3 , Try, respectively. The map from the upper 
half plane to this triangle is given by a ratio of two linearly independent solutions of the 
hypergeometric equation [ 8 ] 


d^y 

dC 




d^ 

dC 


ab 

0 ^ 


y = 0. 


(30) 


The two solutions at C = 0 have exponents 0 and (1 — c), and are given by the hyperge¬ 
ometric functions 


y(C) = F{a, b; c; C) y(C) = b'-, c'; C), (31) 


where a, 5, c and d are related to the angles of the triangle by 


a = 5(1 - a - /3 -I- 7 ) 

b = 

c = 1 — a 

d = 1 — (3 = a + b — c-\-l 


a' = a — c -|- 1 

b' = b-c + l 

d = 2 - c 

d' = d. 


(32) 


The Schwarz triangle function is then defined as 

(33) 

where the normalisation factor J\f is chosen so as to ensure that the triangle has the 
correct size, such that geodesic extensions of the circular edges intersect the unit disk 
at right angles. This calculation was performed in [U]. Putting everything together and 
simplifying, we have 


KC) 


/sin(7ra') sin(7r6') r(o')r(6')r(c) 


sin(7ra) sin(7r6) r(a)r(6)r(c') 




F{a',b'-c'-0 

F(a,6;c;C) 


(34) 
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4.3 Computing the Higgs field 

In order to calculate the Higgs field, we use the two triangle maps si(C) and S 2 (C) as 
depicted in figure The derivative of / is obtained by the chain rule. Then substituting 
into (® gives 

^ 1 - l•Sl(C)P ds2{0 (dsiicy 


1-|52(C)P dC 


dC 


-1 


(35) 


Recall that (a,/3,7) are the angles in the triangle (divided by vr), and {a,b,c) are de¬ 


fined through (32). The triangles of interest (figurehave (ai,/3i,7i) = (§, 2 ’ s) 

(o 2 j / 32 ) 72 ) = (^i\i |)- The Higgs field of a vortex placed at the origin can be computed 
analytically at the vertices of the fundamental triangle O^. In order to do this, we 
expand s{Q) near the singular points: 


s{5) = 
S(1 -I- (I) = 4 


)sin(7ra') sin(7r5') r(a')r(6')r(c) 
sin(7ra) sin(7r6) r(a)r(5)r(c') 


<5" + ... 


(36) 


I sin( 7 ra) sin( 7 r 6 ) 
sin( 7 ra') sin( 7 r 6 ') 


1 - r(i - a)r(i - 6)r(i - a')r(i - b') + 


(37) 


The formula (|35|) then gives the Higgs field at the points on the octagon corresponding 

(38) 


to the vertices of Oa- Near (' = 0 we have from (36) 

z = si(C) = AAiC^/« + ..., 


S 2 


(C) = AA2C'/^ + .... 


Using (35) and the expansion of 5i(C) to change from ( to z coordinates gives 

A/2 1 /s A/2 

At the vertex of Oa corresponding to (^ = 1, the expansion is of the form 

si(I -|- (5) = .4i -|- , 52(1 -|- (J) = ^2 T ^2(5^^^ , 


with coefficients that can read off from (37). Applying (35) gives 


4 > = 


\-A\B 2 


(39) 


(40) 


(41) 


Evaluating (|39|) and (|41|) for the triangles of interest, we hnd 

I4>| 


I origin ■ 


(47r)-T2sin(|)r2(|)r(i) |z| + 0(|z|3) « 1.768|z| + C(|z|3), (42) 


*1 ^r{i)r7i)r(i) 


(43) 

PS 0.752, 

|a,| _9“1/4 

1 ^ 1 vertex — ^ 

pa 0.841. 

(44) 
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An expansion of the hypergeometric functions about the point at infinity can be avoided 
by a redefinition of the fundamental triangle, as explained in the caption to figure 
thereby allowing the Higgs held at the vertex to be computed using (37) and (41), albeit 
with different values of the parameters. 

Away from the points where the behaviour of the Higgs held can be studied analyt¬ 
ically by known series expansions of the hypergeometric function, contours of |4>p are 
obtained numerically and plotted using the auxiliary coordinate C as a parameter. This 
method leads to difficulty when sampling in the vicinity of the vertex of the octagon, 
since this is the image of the point at inhnity in the C plane. A more effective procedure 
is to divide the octagon into eighths rather than sixteenths, so (q;i,/3i,7i) = (j, |, |). 
The preimage of this triangle under si(C) is the entire upper half plane. Splitting the 
triangle into two further isosceles triangles as shown in figure we find we need only 
sample within the region |C~ 1| < 1 (its complement in the upper half plane mapping to 
the other half triangle). After interpolating between gridpoints, the solution is analyti¬ 
cally continued from to O by Schwarz reflection, giving the contour plot of figure 
(left). 

Recall from section that the octagon vertex and the origin are antipodal points on 
the Bolza surface. Placing a vortex at the origin breaks most of the symmetry of the 
Bolza surface, preserving a Cg symmetry both at the vortex position and at its antipodal 
point. There should thus be a Cg symmetry at the vertex of the octagon when a vortex 
is placed at the origin, but this is not easily seen. To see it more explicitly, let us shift 
the vortex to the vertex of the octagon. There should still be a Cg symmetry at the 
origin. Recall that there is a double winding of / about the vortex position, which for 
the vortex at the origin maps from the {8, 8} to the {4,8} tessellation. Angles measured 
at the vortex position are doubled as illustrated in figures and When the vortex 
is placed at a vertex, however, it is the angles at the vertices of O which are doubled 
(from 7r/4 to vr/2), while the map is conformal on the interior. The image is then an 
octagon in the {8,4} tessellation. The absence of ramihcation points on the interior of 
the octagon means the degree of the map is 1 and the Riemann-Hurwitz theorem tells 
us that the area of the image octagon is = A|g gj — 27r = 27r. Note that instead of 

(27), the more general formula for the area of the image polygon when N vortices are 
placed at the vertex is 


A' = A- 2'kN = 2Tr{2g -2-N), (45) 

which still implies the Bradlow bound ( |28[ ). Dividing the domain and image polygons 
into triangles as before gives the contours of |<l>p shown in figure]^ (right). 
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Figure 3: An alternative definition of the map / to that shown in figure 
The resulting Higgs field is unchanged by this map. Shading indicates regions 
which map into each other, and the remainder of the hyperbolic plane is covered 
by reflections in the sides of the fundamental triangles. The advantage of this 
redefinition is improved numerical sampling (as the parameter ( need only take 
values in a semi-disk), although it is harder to compute the value of |<h| at the 
midpoint of an edge analytically as in (43). The angles of the triangles are 
(7rai,7r^i,7r7i) = (f, |, |) and (Tia 2 ,T^h,T^l 2 ) = (f, |, |)- 
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Figure 4: Contour plots of |$p for a vortex at the centre of the fundamental 
octagon (left) and at a vertex (right). has a zero at the vortex position 

(marked by black dots) and reaches a maximum value of Xjypi. The two con¬ 
figurations are equivalent due to the two preserved Cg symmetries of the funda¬ 
mental octagon (figure [^. The leading term of near the centered vortex is 
at order \z\^ and is circularly symmetric, while non-trivial angular dependence 
enters at order 


4.4 Magnetic flux 

We now proceed to check consistency of the magnetic flux. A single vortex has flux 
27r, and we thus expect to obtain this value when B is integrated over the fundamental 
octagon. Using the same notation as in the flux through the fundamental octagon 
O can be computed using Stokes’ theorernjj 


f B dxdy = [ atdi = [ {hdnh + dtx)di, 
Jo Jdo Jao 


(46) 


where di denotes an infinitesimal line element of the boundary of the octagon, at is the 
tangential component of the gauge potential, and dt and are derivatives tangent to 
and normal to the boundary dO. We note from figure]^ that the midpoints of the edges 
of the octagon are saddle points of |‘kp. Combined with the reflection symmetry across 
the edges of the octagon we conclude that d^h vanishes everywhere on the boundary. 

Let us now consider the topological contribution dtx di- On a segment of the 
boundary of O, it evaluates to the difference in y at the endpoints. Ax. From Q we 
have, with /' = ^, 

X = log (/'?■')• (47) 


Recall from section 4.1 that |$| is invariant under transformations by the elements of the Fuchsian 


group H ( |20[ ). It follows from the Bogomolny equations that the physical magnetic flux density B/Q 
is invariant under these transformations, although neither B nor is invariant on its own. The physical 
magnetic flux is thus J{Bdxdy), where Q,dxdy is the area form on the Poincare disk. Care must 
be taken to include the total derivative term dy which affects the total flux, but does not alter the 
magnetic field locally. 
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Dividing the octagon into sixteenths as in figure we carry out a rotation z i—)• ze'^/^ 
to take us from one vertex of the fundamental octagon to the next. From (25), this 


leads to X I—X + 7r/4, hence the contribution to the flux from each edge of the octagon 
is 7r/4, and the total flux is 27r. Mapping between opposite edges of the fundamental 
octagon has the effect Ax e-)■ Ax — 7r/2 = — vr/4, where the change in sign agrees with 
our traversing of the edge in the opposite direction. 

It is interesting to compare our results with those for a single vortex placed at the 
origin of the Poincare disk, From (12), this vortex has f(z) = and Higgs field ^ 


l$nl = 


2\z\ 


1 + \z 


2 ■ 


(48) 


Near the origin, |<I>o| = 2|2;| + 0{\z\^), which should be compared to the result for the 
regular octagonal tessellation ( |42[ ), where the leading coefficient of |4>| at the vortex is 
approximately 1.768. To get a feel for the change in the helds near the origin when a 
single vortex on is replaced by an {8, 8} tessellation of vortices, we integrate the flux 
of the single vortex over the fundamental octagon of figure As a fraction of the total 
flux, we find 


1 



Bq dxdy 


— y 2 V 2 — 2 tan ^ 

TT * 



65.1%, 


showing that the lattice of vortices compresses the flux by about 50%. 


(49) 


5 Vortices on higher genus surfaces 


The vortex equations on surfaces with g > 2 can be studied using similar arguments to 
those given in the preceding sections. The obvious extension of our construction is to 
a vortex at the origin of the Poincare disk in the hyperbolic tessellation with Schlafli 
symbol {Ag, 4gf}. Quotienting by the Fuchsian group of the tessellation gives a vortex on 
a compact surface of genus g and area 4:7r(g — 1). The fundamental 4g-gon is divided into 
8g congruent triangles with angles f) The map / is a two-to-one map from 
the 4g-gon to a 25 r-gon in the {2g, 4g} tessellation, and the image of the fundamental 


triangle is a triangle with angles Applying the construction described in 

section 4.2 gives the maximum value of |<I>|, measured at the vertex of the 4(5r-gon, 


^|max — 



and the coefficient of the leading term of |<I>| near the vortex at the origin. 


(50) 


$ 


origin 


r3 

(*) 

r 

( 4 ) 

F 

(i) 


cot^ 

( 4 ) 

-3 

Sttc/F 

(i) 

r2( 

1) 


cot^ 

(ii) 

- 1 


z\ + 0{\z\^). 


(51) 
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As the genus is increased, the area available to a vortex grows linearly with g. The 
resulting increase in separation between adjacent vortices in the tessellation suggests 
that for large g, |<h| should approach the solution I'hol for a single vortex in (48), 
which has |‘ho|max = 1 and 14*01 vortex = 2|z| + 0{\z\^). Evaluating (50) and the leading 
coefficient of (51) for some specific values of g, we do indeed approach this limit: 



9 = 2 

9 = 3 

9 = 4 •• 

• 9 ^ oo 

1 ^ 1 max 

0.841 

0.965 

0.986 

1 

1^1 1 1 origin 

1.768 

1.955 

1.984 

2 


The principal interest of higher genus surfaces is that the Bradlow bound ([TT1@ 
allows them to hold more than one vortex. For example, for g = 3 the regular {12,12} 
tessellation with opposite edges identified allows one, two or three vortices placed at the 
origin or a vertex of the dodecagon. The Higgs field can again be computed by dividing 
the dodecagon into congruent triangles. Placing Nq vortices at the origin and at the 
vertex of the dodecagon requires a map / with ramification of order + 1 at the origin 
and iVv + 1 at the vertex. Thus the image tessellation is of type 


12 


12 


A^o + l’A^v + 1 


whose fundamental polygon has an area A' given by either (18) or the Riemann-Hurwitz 
theorem: 


A' = 271 


4 - No-N, 
iVo + 1 ■ 


(52) 


The Bradlow bound requires that Nq + Ny < 4. This ensures that Nq + 1 and Ny + 1 
both divide 12 and that the image tessellation is hyperbolic. The Euclidean tessellations 
of types {6, 3} and {4, 4} do not occur, because they would both require No + Ny = 4. It 
is easy to check using the expansion of the Schwarz triangle function (36) that |<h| origin 

l^o+4g 


behaves like \z\^°, with angular dependence at order \z\ 


Note that on more general 


{p,q} tessellations, integer winding of / imposes divisibility constraints on No and Ny. 

We remark that the surface described by the {12,12} tessellation with opposite edges 
identified is not the most symmetric genus 3 surface, which is the so-called Klein surface 
that can be represented by a {14, 7} tessellation. However, our construction only allows 
us to place a single vortex on this surface, necessarily at the origin of the 14-gon (as p ^ q 
the centres and vertices of the polygon are not equivalent). The image of the 14-gon is 
a heptagon in the {7,7} tessellation, and we obtain a vortex with Cy symmetry with 


\ 4 >\ 


0.952 and |^> 


origin 


1.961|z| -F .... 
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Figure 5: Left; the {12,12} tessellation with opposite edges identified (solid 
line) can be cut along the dotted line to give a dodecagon of half the area in 
the {12,4} tessellation. Identifying edges as shown in the right hand diagram 
yields a smooth compact genus 2 surface. Placing a vortex at the origin of the 
{ 12 , 12 } cell and another at the vertex is therefore equivalent to a single vortex 
at the origin of a {12,4} cell. Three distinct vertices are indicated by dots. 


5.1 A further quotient 

A case of special interest is the {12,12} tessellation with one vortex placed at the origin 
of the dodecagon and one at the vertex. The image tessellation is of type { 6 , 6 }. The 
leading behaviour of the Higgs field near each vortex is 

l^lorigin = ^(1^1^) ~ 1-787 |z| + 0{\zf). (53) 

We find the same leading coefficient when placing a single vortex at the origin of a 
dodecagon in the {12,4} tessellation. This result is due to the existence of a fixed-point- 
free Z 2 action on the genus 3 surface which identifies the origin and vertex of the {12,12} 
tessellation. Quotienting by this group gives a smooth compact genus 2 surface with one 
vortex on it. This procedure is only possible when the vortex locations are compatible 
with the Z 2 symmetry, and the quotient surface contains half the number of vortices. 
Figure [^illustrates the relation between the two tessellations. 

This observation can be understood by explicitly looking for a free Z 2 action, an 
involution TZ on the hyperelliptic curve. Let us generalise our discussion to a genus g 
surface represented by a regular {Ag, Ag} tessellation with opposite edges identified, with 
a vortex at the centre and another at the vertex. As a Riemann surface, this genus g 
surface is a double cover of CP^ with 2{g + 1) ramification points. The ramification 
points at the north and south poles correspond to the centre and vertex of the polygon, 
and there are 2g equally spaced ramification points on the equator. Generalising what 
was discussed in section [^ for the g = 2 Bolza surface, the cyclic C^g symmetry has fixed 
points at the polygon centre and at the vertex, while there are g 6*4 symmetries with 
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pairs of fixed points on the equator. The symmetry group of the surface is a double 
group of the dihedral group D 2 g, and the hyperelliptic curve representing this setup i^ 

+ 1), {x,y) G {C*f. (54) 


The desired involution must map between the origin of the polygon and the vertex 
(i.e. between the poles of the sphere x = 0 and x = oo) and have no fixed points. This 
is only possible for g odd (the case g even has fixed points at (x,y) = (—l,±-v/2i)), in 
which case it is achieved by the involution 


TZ : {x,y) ^ {x ,-y x ^ . 


(55) 


The quotient of the branched cover of by this involution is a double covering of 
the northern hemisphere with a particular identification of the segments of the equator 
between ramification points. In the polygon picture, there are ig edges to pair up. 
Consistency with the transformation x t—>• x~^ gives two possible pairings for each edge, 
due to the choice of branch. We also require the quotient surface to be smooth, which will 
be the case if there is no angle deficit at the identified vertices. The total internal angle 
of the quotient {4(7,4} polygon is 2 'Kg, hence there must be g distinct vertices when the 
edges are paired. This imposes a further constraint on our choice of edge identifications. 
There is also the possibility that edge pairs can be twisted, although it is not clear 
whether our construction, which relies on f(z) extending from a fundamental triangle 
to all of by reflections, works in the twisted case. Once the correct identifications 
have been made, the resulting surface has half the area of the original surface and genus 

lid + !)• 

The identification described in the preceding paragraphs is illustrated for the g = 3 
case in figure]^ The genus 2 surface in the {12,4} tessellation has different Fenchel- 
Nielsen parameters from the {8, 8} tessellation, and they therefore represent different 
surfaces. An immediate consequence of this is the different leading behaviour of the 


Higgs field, as is seen by contrasting (42) and (53). Because a 2-holed surface has no 


freely acting rotations by vr, the genus cannot be reduced further. 


6 Conclusions and outlook 

In this paper we have shown how to construct Abelian-Higgs vortices on compact hy¬ 
perbolic surfaces which can be represented by tessellations of the hyperbolic plane by 
regular polygons. Placing vortices on the surface breaks most of the symmetry, and our 
method requires the vortex positions to be chosen in such a way that there is a preserved 
symmetry allowing the surface to be covered by congruent triangles sharing vertices at 
the vortex positions. In particular, multivortex solutions can be constructed with vor¬ 
tices located at antipodal points on the surface, corresponding to the origin and vertex 
of the polygonal tessellation. The Higgs field is computed by identifying a holomorphic 

®In the special case of the Bolza surface {g = 2), the symmetry is enhanced to GL(2,3), a double 
cover of the cubic group. 
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Figure 6: An example of a deformed {8,8} octagon with angles of 7r/4 which 
can be split into four quadrilaterals, each of which maps to half of a deformed 
image quadrilateral. 


function on the fundamental polygon which is conformal everywhere except at the vortex 
positions, where there is a ramification point of order one greater than the number of 
vortices at that location. This function can be expressed implicitly as the composition 
of two Schwarz triangle functions, allowing numerical evaluation of the Higgs field at 
any given point on the surface. 

There are several immediate generalisations of this procedure which it would be 
interesting to investigate further: 


The tessellation can be deformed such that the angles are fixed but the edge lengths 
change (see figure]^. In this case we require a map from a quadrant of the fun¬ 
damental octagon to half a kite. The construction is analogous to that of the 
Schwarz triangle map described in section]^ with the hypergeometric differential 
equation (30) replaced by the Heun differential equation, which has four regular 
singular points. The difficulty with this construction is the appearance of an acces¬ 
sory parameter which characterises the deformation, and which requires numerical 
computation. A different deformation of the regular octagon was studied in [7]. 


• The construction described in this paper does not allow the vortex to be placed at 
an arbitrary position on the surface. The Riemann map from a hyperbolic polygon 
to the upper half plane is analytically continued to cover the Poincare disk by 
reflection in the edges of the polygon. If the vortex is not positioned symmetrically 
then the helds cannot be constructed by maps between regular polygons. As it 
stands, our construction only enables us to compute the fields at isolated points in 
the moduli space. 


• A final outstanding question is how to place an arbitrary number N of vortices 
(with < 2^ — 2) at the origin of a symmetric tessellation describing a genus g 
surface. An (N l)-fold map from the fundamental polygon to a smaller polygon 
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is only possible if + 1 divides the number of edges of the initial polygon. For 
example, we can place a single vortex on the Klein surface (with a map from a 
14-gon to a heptagon), but not two or three vortices. 
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